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In this work we consider the action for a set of complex scalar supermultiplets interacting with the scale factor in
the supersymmetric cosmological models. We show that the local conformal supersymmetry leads to a scalar field
potential defined in terms of the Ka¨hler potential and superpotential. Using supersymmetry breaking, we are able
to obtain a normalizable wavefunction for the FRW cosmological model.
1. Introduction
The study of supersymmetric minisuperspace models
has led to important and interesting results. To find
the physical states, it is sufficient to solve the Lorentz
and supersymmetric constraints [1, 2, 3]. Some of these
results have already been presented in two comprehen-
sive and organized works: a book [4] and an extended
review [5]. In previous works [6, 7] we have proposed
a new approach to the study of supersymmetric quan-
tum cosmology. The main idea is to extend the group
of local time reparametrization of the cosmological mo-
dels to the n = 2 local conformal time supersymme-
try. For this purpose the odd “time” parameters η, η¯
were introduced (where η¯ is the complex conjugate to
η ), which are the superpartners of the usual time para-
meters. The new functions, which previously were func-
tions of time t become now superfunctions depending
on (t, η, η¯), which are called superfields. Following the
superfield procedure we have constructed the superfield
action for the cosmological models, which is invariant
under n = 2 local conformal time supersymmetry.
The fermionic superpartners of the scale factor and the
homogeneous scalar fields at the quantum level are ele-
ments of the Clifford algebra.
We will consider the supersymmetric FRW model in-
teracting with a set of n complex homogeneous scalar
supermatter fields. We show that in this case, the po-
tential of scalar matter fields is a function of the Ka¨hler
function and an arbitrary parameter α . The local con-
formal supersymmetry cannot fix the value of the pa-
rameter α , the space-time supersymmetry does. Fur-
thermore, when α = 1, the scalar field potential be-
comes the vacuum energy of the scalar fields interac-
ting with the chiral matter multiplets as in the case of
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N = 1 supergravity theory, [8]. Using supersymmetry
we are able to obtain a wavefunction which depende of
the Ka¨hler function.
2. Supersymmetric FRW model with
matter fields
Let us begin by considering the FRW action
Sgrav =
6
8piGN
∫ (
−RR˙
2
2N
+
1
2
kNR
+
d
dt
(
R2R˙
2N
))
dt, (1)
where k = 1, 0,−1 stands for a spherical, plane and
hyperspherical three-space, respectively, R˙ = dRdt , GN is
the Newtonian gravitational constant, N(t) is the lapse
function and R(t) is the scale factor depending only on
t . In this work we shall set c = h¯ = 1.
It is well known that the action (1) preserves the invari-
ance under the time reparametrization.
t′ → t+ a(t) (2)
if R(t) and N(t) are transformed as
δR = aR˙, δN = (aN).. (3)
In order to obtain the superfield formulation of the ac-
tion (1), the transformation of the time reparametriza-
tion (2) were extended to the n = 2 local conformal time
supersymmetry (t, η, η¯) [6]. These transformations can
be written as
δt = IL(t, η, η¯) +
1
2
η¯Dη¯IL(t, η, η¯)
2−1
2
ηDηIL(t, η, η¯).
δη =
i
2
Dη¯IL(t, η, η¯), δη¯ = − i
2
DηIL(t, η, η¯), (4)
with the superfunction IL(t, η, η¯), defined by
IL(t, η, η¯) = a(t) + iηβ¯′(t) + iη¯β′(t) + b(t)ηη¯, (5)
where Dη =
∂
∂η + iη¯
∂
∂t and Dη¯ = − ∂∂η¯ − iη ∂∂t are the
supercovariant derivatives of the global conformal super-
symmetry with dimension [Dη] = l
−1/2 , a(t) is a local
time reparametrization parameter, β′(t) = N−1/2β(t) is
the Grassmann complex parameter of the local confor-
mal SUSY transformations (4) and b(t) is the parameter
of local U(1) rotations on the complex coordinate η .
The superfield generalization of the action (1), which
is invariant under the transformations (4), was found in
our previous work [6] and it has the form
Sgrav =
6
κ2
∫ {
−IN
−1
2
IRDη¯IRDηIR+
√
k
2
IR2
+
1
4
Dη¯(IN
−1IR2DηIR)
−1
4
Dη(IN
−1IR2Dη¯IR)
}
dηdη¯dt, (6)
where we introduce the parameter κ2 = 8piGN . We can
also see that this action is hermitian for k = 0, 1. The
last two terms in (6) form a total derivative which are
necessary when we consider interaction. IN(t, η, η¯) is
a real one-dimensional gravity superfield which has the
form
IN(t, η, η¯) = N(t) + iηψ¯′(t) + iη¯ψ′(t) + ηη¯V ′(t), (7)
where ψ′(t) = N1/2ψ(t), ψ¯′(t) = N1/2ψ¯(t) and V ′(t) =
NV + ψ¯ψ . This superfield transforms as
δIN = (ILIN) +
i
2
DηILDηIN +
i
2
DηILDηIN. (8)
The components of the superfield IN(t, η, η¯) in (7)
are the gauge field of the one-dimensional n=2 extended
supergravity.
The superfield IR(t, η, η¯) may be written as
IR(t, η, η¯) = R(t) + iηλ¯′(t) + iη¯λ′(t) + ηη¯B′(t), (9)
where λ′(t) = κN
1/2√
R
λ(t), λ¯′(t) = κN
1/2√
R
λ¯(t) and B′(t) =
κNB− κ
6
√
R
(ψ¯λ−ψλ¯). The transformation rule for the
real scalar superfield IR(t, η, η¯) is
δIR = ILI˙R +
i
2
Dη¯ILDηIR +
i
2
DηILDη¯IR. (10)
The component B(t) in (9) is an auxiliary degree of
freedom; λ(t) and λ¯(t) are the fermionic superpartners
of the scale factor R(t). The superfield transformations
(8), (10) are the generalization of the transformations
for N(t) and R(t) in (3).
The complex matter supermultiplets ZA(t, η, η¯) and
Z¯A¯(t, η, η¯) = (ZA)† consist of a set of spatially homo-
geneous matter fields zA(t) and z¯A¯(t)(A = 1, 2, . . . , n),
four fermionic degrees of freedom χA(t), χ¯A¯(t), φA(t)
and φ¯A¯(t), as well as the bosonic auxiliary fields FA(t)
and F¯ A¯(t).
The components of the matter superfields
ZA(t, η, η¯) and Z¯A¯(t, η, η¯) may be written as
ZA = zA(t) + iηχ′A(t) + iη¯φ′A(t) + F ′A(t)ηη¯, (11)
Z¯A¯ = z¯A(t) + iηφ¯′A¯(t) + iη¯χ¯′A¯(t) + F¯ ′A¯(t)ηη¯, (12)
where
χ′A(t) = N1/2R−3/2χA(t),
φ′A(t) = N1/2R−3/2φA(t),
F ′A(t) = NFA − 1
2
R−3/2(ψχA − ψ¯φA).
The transformation rule for the superfields ZA(t, η, η¯)
and Z¯A¯(t, η, η¯) may be written as
δZA = ILZ˙A +
i
2
DηILDηZ
A +
i
2
DηILDηZ
A, (13)
δZ¯A¯ = IL ˙¯Z
A¯
+
i
2
DηILDηZ¯
A¯ +
i
2
Dη¯ILDηZ¯
A¯. (14)
So, the superfield action takes the form
S =
∫ {
− 3
κ2
IN−1IRDη¯IRDηIR +
3
κ2
√
kIR2
− 2
κ3
IR3e
G
2 +
1
2κ2
N−1IR3GA¯B
[
Dη¯Z¯
A¯DηZ
B +Dη¯Z
BDηZ¯
A¯
]}
dηdη¯dt, (15)
where κ2 = 8piGN . The action (15) is defined in
terms of one arbitrary Ka¨hler superfunction G(ZA, Z¯A¯)
which is a special combination of IK(ZA, Z¯A¯) and
g(ZA), i.e.
G(Z, Z¯) = IK(Z, Z¯) + log |g(Z)|2. (16)
and is invariant under the transformations
g(Z) → g(Z) exp f(Z),
IK(Z, Z¯) → IK(Z, Z¯)− f(Z)− f¯(Z¯), (17)
with the Ka¨hler potential IK(Z, Z¯) defined by the com-
plex superfield ZA related to the G(Z, Z¯) from (16).
3The superfunction G(Z, Z¯) and their transformations
are the generalizations of the Ka¨hler function G(z, z¯) =
IK(z, z¯) + log |g(z)|2 defined on the complex manifold.
Derivatives of Ka¨hler function are denoted by
∂G
∂
zA
= G,A ≡ GA, ∂G∂
z¯A¯
= G,A¯ ≡ GA¯, ∂
nG
∂zA∂zB∂z¯C¯ ...∂z¯D¯
=
G,ABC¯...D¯ ≡ GABC¯...D¯ and the Ka¨hler metric is GAB¯ =
GB¯A = KAB¯ , the inverse Ka¨hler metric G
AB¯ , such as
GAB¯GB¯D = δ
A
D can be used to define G
A ≡ GAB¯GB¯
and GB¯ ≡ GAGAB¯ . The action (15) is invariant under
the local n = 2 conformal supersymmetry transforma-
tions (4) if the superfields are transformed as (8), (10),
(13) and (14). The action (15) corresponds to FRW
in the minisuperspace sector of supergravity coupled
to complex scalar fields [8]. After the integration over
the Grassmann variables η, η¯ the action (15) becomes a
component action with the auxiliary fields B(t), FA(t)
and F¯ A¯(t). These fields may be determined from the
component action by taking the variation with respect
to them. The equations for these fields are algebraical
and their solutions are
B = − κ
18R2
λ¯λ+
√
k
κ
+
1
4κR2
GA¯B(χ¯
A¯χB + φB φ¯A¯)
− R
κ2
eG/2,
FD = − κ
2R3
(λ¯φD − λχD)− 1
R3
GDA¯GA¯BCχ
CφB
+
2
κ
GDA¯(eG/2),A¯.
After substituting them again into the component
action we get the following action:
S =
∫ {
− 3
κ2
R(DR)2
N
−NR3U(R, z, z¯) + 2i
3
λ¯Dλ
+
N
√
k
3R
λ¯λ− N
κ
eG/2λ¯λ+
√
k
κ
√
R(ψ¯λ− ψλ¯)
+
R3
Nκ2
GA¯BDz¯
A¯DzB +
i
2κ
DzB(λ¯GA¯Bχ¯
A¯ + λGA¯Bφ¯
A¯)
+
i
2κ
Dz¯A¯(λ¯GA¯Bφ
B + λGA¯Bχ
B)− i
κ2
GA¯B(χ¯
A¯D˜χB + φ¯A¯D˜φB)− N
κ2R3
RA¯BC¯Dχ¯
A¯χBφ¯C¯φD
− i
4κ
√
R3
(ψλ¯− ψ¯λ)GA¯B(χ¯A¯χB + φB φ¯A¯) +
3N
16κ2R3
[
GA¯B(χ¯
A¯χB + φB φ¯A¯)
]2
+
3
√
k
2κ2R
GA¯B(χ¯
A¯χB + φB φ¯A¯)− 3N
2κ3
eG/2GA¯B(χ¯
A¯χB + φBφ¯A¯)
−2N
κ3
(eG/2),ABχ
AφB − 2
κ3
N(eG/2),A¯B¯ φ¯
A¯χ¯B¯
− 2
κ3
N(eG/2),A¯B(χ¯
A¯χB + φB φ¯A¯)− N
κ2
λ¯
[
(eG/2),Aφ
A
+(eG/2),A¯χ¯
A¯
]
+
N
κ2
λ
[
(eG/2),Aχ
A + (eG/2),A¯φ¯
A¯
]
−
√
R3
κ2
(ψ¯λ− ψλ¯)eG/2 +
√
R3
κ3
(eG/2),A(ψχ
A − ψ¯φA)
+
√
R3
κ3
(eG/2),A¯(ψφ¯
A¯ − ψ¯χ¯A¯)
}
dt, (18)
where DR = R˙− κ
6
√
R
(ψ¯λ+ψλ¯), DzA = z˙
A− i
2
√
R3
(ψ¯φA+
ψχA), DχB = χ˙B − i2V χB , DφB = φ˙B + i2V φB ,
Dλ = λ˙ + i2V λ , D˜χ
B = DχB + ΓBCDz˙
CχD , D˜φB =
DφB + ΓBCDz˙
CφD , RA¯BC¯D is the curvature tensor of
the Ka¨hler manifold defined by the coordinates zA , z¯B¯
with the metric GAB¯ , and Γ
B
CD = G
BA¯GA¯CD are the
Christoffel symbols in the definition of the covariant
derivatives and their complex conjugate. The kinetic
energy term of the scalar factor R(t) is not positive in
the action, (1), (6), (15) and (18), as is usually the case,
but negative. This is due to the fact that the particle-
like fluctuations do not correspond to the scalar factor
R(t) [9]. Besides, the potential term U(R, z, z¯) reads
U(R, z, z¯) = − 3k
κ2R2
+
6
√
k
κ3R
eG/2 + Veff (z, z¯), (19)
where the effective potential of the scalar matter fields
is
Veff =
4
κ4
[
(eG/2),A¯G
A¯D(eG/2),D − 3
4
eG
]
=
eG
κ4
[GAGA − 3]. (20)
In the action (18), as in the effective potential, the
Ka¨hler function is a function of scalar fields G(z, z¯).
From (19) we can see that when k = 0, U(R, z, z¯) =
Veff (z, z¯).
In order to discuss the implications of spontaneous
supersymmetry breaking we need to display the poten-
tial (20) in terms of the auxiliary fields
Veff (z, z¯) =
F¯ A¯GA¯BF
B
κ2
− 3B
2
R2
, (21)
where the auxuliary fields B and FA now read
B =
R
κ2
eG/2, (22)
FA =
1
κ
eG/2GA. (23)
The supersymmetry is spontaneously broken, if the
auxiliary fields (23) of the matter supermultiplets get
4nonvanishing vacuum expectation values. The potential
(20,21) consists of two terms; the first of them is the
potential for the scalar fields in the case of global su-
persymmetry. Indeed this superpotential is not positive
semi-definite in contrast with the standard supersym-
metric quantum mechanics case. The global supersym-
metry [10] is unbroken when the energy is zero due to
FA = 0. Besides, the energy plays the role of the order
parameter in this case. For the local symmetry, the en-
ergy ceases to play the role of the order parameter when
gravity is taken into account [8] in other words, the spon-
taneous breaking of supersymmetry in our model, allows
us to describe the general physical situation for different
energies, including the case when the energy is zero.
Now we can see that at the minimum in (21) Veff (z
A
0 ,
z¯A¯0 ) = 0, but F
A 6= 0, then the supersymmetry is bro-
ken when the vacuum energy is zero. The measure of
this breakdown is the term (− 1κe2G(z
A,z¯A¯))λ¯λ in the
action (18). Besides, we can identify
m3/2 =
1
κ
e
G
2
(zA0 ,z¯
A¯
0 ), (24)
as the gravitino mass in the effective supergravity the-
ory [8]. Hence, we can see that in our model the confor-
mal time supersymmetry (4), being a subgroup of the
space-time SUSY, gives us a mechanism of spontaneous
breaking of this SUSY [8].
3. Wave function of the Universe
The Grassmann components of the vacuum configura-
tion with the FRW metric may be obtained by decom-
position of the Rarita-Schwinger field and of the spinor
field in the following way [11] commuting covariant con-
stant spinors λα(x
i) and λ¯λ˙(x
i) are fixed on the con-
figuration space, and an the other hand, time-like de-
pending Grassmann variables are not spinors. Then the
time-like components of the Rarita-Schwinger field may
be written as
ψα0 (x
i, t) = λα(xi)ψ(t). (25)
The spatial components of the Rarita-Schwinger field
have the following representation corresponding to the
direct product time-subspace on the 3-space of the fixed
spatial configuration (in our case it is a plane or a three
sphere). Explicitly, we get
ψαm(x
i, t) = e(µ)m σ
αβ˙
(µ)λ¯β˙(x
i)λ¯(t), (26)
where e
(µ)
m (xi, t) are the tetrads for the FRW metric.
Those representations are solutions of the supergravity
equations.
We have the classical canonical Hamiltonian
Hcan = NH +
1
2
ψ¯S − 1
2
ψS¯ +
1
2
V F , (27)
where H is the Hamiltonian of the system, S and S¯
are supercharges and F is the U(1) rotation genera-
tor. The form of the canonical Hamiltonian (27) ex-
plains the fact, that N,ψ, ψ¯ and V are Lagrange mul-
tipliers which enforce only the first-class constraints,
H = 0, S = 0, S¯ = 0 and F = 0, which express the in-
variance of the conformal n = 2 supersymmetric trans-
formations. As usual with the Grassmann variables we
have the second-class constraints, which can be elimi-
nated by the Dirac procedure. In the usual canonical
quantization the even canonical variables change by op-
erators
R→ R, piR = i ∂
∂R
; ZA → ZA, piA = i ∂
∂ZA
(28)
and the odd variables λ, λ¯, χA, χ¯A, φA and φ¯A after
quantization become anticonmutators.
We can write λ, λ¯, χA, χ¯A, φA and φ¯A in the form
of the direct product 1 + 2n, 2 × 2 matrices. We then
obtain a matrix realization for the case of n complex
mater supermultiplets
λ =
√
3
2
σ
(−)
1 ⊗ 12 ⊗ . . .⊗ 12n+1,
λ+ =
√
3
2
σ
(+)
1 ⊗ 12 ⊗ . . .⊗ 12n+1, (29)
φA = κσ
(3)
1 ⊗ ..⊗ σ(3)2A−1 ⊗ σ(−)2A ⊗ 12A+1 ⊗ ..12n+1,
φ¯A = κσ
(3)
1 ⊗ ..⊗ σ(3)2A−1σ ⊗ σ(+)2A ⊗ 12A+1..⊗ 12n+1,
χA = κσ
(3)
1 ⊗ ..⊗ σ(3)2A ⊗ σ(−)(2A+1) ⊗ 12A+1..⊗ 12n+1,
χ¯A = κσ
(3)
1 ⊗ ..⊗ σ(3)2A ⊗ σ(+)2A+1 ⊗ 12A+2..⊗ 12n+1,
where the down index in the direct product at the matrix
shows the place of the matrix (A = 1, 2, . . . , n), σ± =
σ1±iσ2
2 with σ
1, σ2, and σ3 being the Pauli Matrices.
In the matrix realization the operators λ, χA and
φA on the wave function ψ = ψ(R,ZA, Z¯A, λ¯, χ¯, φ¯)
are 22n+1 component columns ψi(R,Z
A, Z¯A), (i =
1, . . . , 22n+1). In the quantum theory the first class con-
straints associated with the invariance of action (18)
become conditions on the wave functions ψ . Therefore
any physically allowed states must obey the quantum
constraints
Hψ = 0, Sψ = 0, S¯ψ = 0,Fψ = 0, (30)
Where the first equation in (30) is the so-called
Wheeler De Witt equation for minisuperspace models.
5To obtain the quantum expression for the Hamil-
tonian H and for the supercharges S and S+ we must
solve the operator ordering ambiguity. Such ambiguities
always arise when, as in our case, the operator expres-
sion contains the product of non-commuting operators
R, piR, Z
A and piA . Then we must integrate with mea-
sure R
1
2 (detGA¯)
1/2dRdAz d
A
Z¯
in the inner product of two
states. In this measure the momenta piR = i
∂
∂R is non-
Hermitian with pi+R = R
−1/2piRR
1
2 ; however, the com-
bination (R−1/2piR)+ = pi+RR
−1/2 = R−1/2piR is Hermi-
tian. The canonical momenta pi+A , Hermitian-conjugate
to piA = i
∂
∂ZA , have the form (piA)
+ = g−1/2(p¯iA¯)g
1
2 ,
where g = detGAB¯ .
The quantum generators H,S, S¯ and F form a
closed superalgebra of the supersymmetric quantum
mechanics
{S, S¯} = 2H, [S,H ] = [S¯, H ] = 0, S2 = S¯2 = 0
[F , S] = −S, [F , S¯] = S¯, [F , H ] = 0. (31)
As we can see from Hamiltonian, the energy of the
scale factor is negative. This is reflected in the fact that
the anticommutator value {λ, λ¯} = −3/2 of superpart-
ners λ and λ¯ of the scale factor is negative, unlike anti-
commutation relations for χA , χ¯B and φ
A, φ¯B , which
are positive. Anticommutation relations may be satis-
fied under the conditions.
λ¯ = −λ+, (χA)+ = χ¯A, (φA)+ = φ¯A, (32)
where {λ, λ+} = 32 . Then the equation may be writ-
ten in the form
λ¯ = ξ−1λ+ξ, χ¯A = ξ−1(χA)+ξ, φ¯A = ξ−1(φA)+ξ. (33)
In order to have consistency with expressions (32)
and (33) it is necessary that the operator ξ possess the
following properties (ξ+ = ξ):
λ+ξ = −ξλ+, (χA)+ξ = ξ(χA)+,
(φA)+ξ = ξ(φA)+. (34)
The operator λ¯, χ¯A and φ¯A will be conjugate to op-
erators λ, χA and φA under inner product of two states
ψ1 and ψ2
< ψ1, ψ2 >q=
∫
ψ∗1 |ξ|ψ2R1/2g1/2dRdnz¯dnz¯, (35)
which in general is non-positive. In the matrix realiza-
tion the operator ξ has the form
ξ = σ
(3)
1 ⊗ 12 ⊗ . . .⊗ 12n+1 (36)
So, for the superchange operator S we can construct
conjugation (33) under the operator S¯ with the help of
the following equation
S¯ = ξ−1S+ξ. (37)
We can see that the anticommutators of supercharge
S and their conjugate S¯ under our conjugate operation
has the form
{S, S¯} = ξ−1{S, S¯+}ξ = {S, S¯} (38)
and it is self-conjugate operator.
As a consequence of algebra (31) we obtain that
the Hamiltonian H is a self-conjugate operator H¯ =
ξ−1H+ξ = H and its value is real.
Note that the superalgebra (31) does not define
positive-definite Hamiltonian in a full agreement with
the circunstance, that the potential Veff (z, z¯) of scalar
fields (20,21) is not positive semi-definite in contrast
with the standard supersymmetric quantum mechanics.
In this case the normalizable solution to the quantum
constraints
Sψ = 0, S¯ψ = 0 (39)
is the wavefunction in the supersymmetry breaking state
with zero energy.
With the conformal algebra given by (31) we need to
solve only these two quantum constraints in order to
search our solutions. Using the matrix representation
(29) to solve (39) one ψ22n+1 component ψ can have the
right behaviour when R → ∞ , we have a normalizable
solution.
ψ(R,z,z¯) = CR
3/4e−
1
2
(1−T3)(2 eG/2
κ3
R3−3
√
kR
2
κ2
)ψ0 (40)
where T3 =
1
2 (σ
(3)
1 + σ
(3)
1+2n), ψ0 =


1
...
1

 and
σ
(3)
1 = σ
3
1 ⊗ 1(2) ⊗ . . .⊗ 11+2n,
σ
(3)
1+2n = 11 ⊗ . . .⊗ 12n ⊗ σ31+2n (41)
In the case of a minimum the potential Veff (z0, z¯0) =
0 and k = 0, then using (29) we get
ψ21+2n(R) = C˜0R
3/4e−2m3/2M
2
plR
3
(42)
where we have thus
1 = C˜0
∫ ∞
0
R3/2e−4m3/2M
2plR3R1/2dR, (43)
the normalization constant has the following value C˜0 =
(12m3/2M
2
pl)
1
2 .
ρ(R)dR ≡ |ψ22l+1 |2R1/2dR, (44)
which give us the probability to find the Universe with
scale factor between R and R+dR , as usual in quantum
mechanics. Then, the probability (also called distribu-
tion function) of having a Universe with scale factor R
is
P (R) =
∫ R
0
|ψ22l+1 |2R1/2dR,
= 1− e−4m3/2M2plR3 . (45)
64. Conclusions
The specific quantum supersymmetric mechanics corre-
sponding to quantum level in our models defines the
structure which permits the fundamental states invari-
ant under the n = 2 local conformal supersymmetry
in N = 1 supergravity interacting with a set of matter
fields [8]. In our case the constraints and the wave func-
tion of the universe permit the existence of non-trivial
solutions.
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